Abstract. We construct integer solutions {a, b} to the coupled system of diophantine quadratic-cubic equations a 2 + b 2 = x 3 and a 3 + b 3 = y 2 for fixed ratios a/b.
The symmetry swapping a and b in the equations indicates that without loss of information we can assume 0 ≤ a ≤ b, denoting the larger member of the pair by b.
We will not look into solutions where a or b are rational integers (fractional Bhaskara pairs).
The two equations can be solved individually [1, 5, 2] . Algorithm 1. Given any solution {a, b}, further solutions {as 6 , bs 6 } are derived by multiplying both a and b by a sixth power of a common integer s, multiplying at the same time on the right hand sides x by s 4 and y by s 9 .
Definition 2. (Fundamental Bhaskara Pair) A fundamental Bhaskara pair is a Bhaskara pair {a, b} where a and b have no common divisor which is 6-fullmeaning there is no prime p such that p 6 | a and p 6 | b.
Although fundamental solutions are pairs that do not have a common divisor that is a non-trivial sixth power, individually a or b of a fundamental pair may contain sixth or higher (prime) powers. 
Trivial Solutions

Primitive Solutions.
A first family of solutions is found by setting a = 0. This reduces the equations to
x 3 must be a perfect cube, so in the canonical prime power factorization of x 3 all exponents of the primes must be multiples of three. Also in the canonical prime power factorization of b 2 all exponents must be even. So the first equation demands that the exponents on both sides must be multiples of [2, 3] In consequence all b must be perfect cubes. Likewise the second equation demands that the exponents of b 3 and of y 2 are multiples of 6. In consequence all b must be perfect squares. Uniting both requirements, all b must be perfect sixth powers. And this requirement is obviously also sufficient: perfect sixth powers [14, A001014] generate Bhaskara pairs: Theorem 1. All integer pairs {0, n 6 }, n ∈ Z 0 , are Bhaskara pairs. The associated right hand sides are x = n 4 , y = n 9 .
2.2. Bhaskara Twins. According to Definition 1 the Bhaskara twins [14, A106318] solve
Working modulo 2 in the two equations requires that x 3 and y 2 are even, so x and y must be even, say x = 2α, y = 2β. So
The first equation requires by the right hand side that in the canonical prime power factorization of both sides the exponents of the odd primes are multiples of 3 and that the exponent of the prime 2 is ≡ 2 (mod 3). By the left hand side of the first equation it requires that all exponents are even. So the exponents of the odd primes are multiples of 6, and the exponent of 2 is ≡ 2 (mod 6). So from the first equation a = 2 1+3× 3 3× 5 3× · · · , which means a is twice a third power.
Definition 5. The notation 3× in the exponents means "any multiple of 3."
The second equation in (4) demands by the right hand side that the exponents of the odd primes are even and that the exponent of 2 is ≡ 1 (mod 2). Furthermore by the left hand side all exponents are multiples of 3. This means all exponents of the odd primes are multiples of 6, and the exponent of the prime 2 is ≡ 3 (mod 6) So from the second equation a = 2 1+2× 3 2× 5 2× · · · , which means a must be twice a perfect square. Uniting both requirements, a must be twice a sixth power. Obviously that requirement is also sufficient to generate solutions: Theorem 2. The Bhaskara Twins are the integer pairs {2n 6 , 2n 6 }, n ∈ Z 0 . The associated free variables are x = 2n 4 , y = 4n 6 . (1) is characterized by some ratio a/b = u/k ≤ 1 with some coprime pair of integers (k, u) = 1. Cases where u and k are not coprime are not dealt with because they do not generate new solutions.
If k were not a divisor of b, a = ub/k would require that k is a divisor of u to let a be integer, contradicting the requirement that u and k are coprime.
Algorithm 2. We only admit the denominators k | b.
Theorem 1 and 2 cover the solutions of the special cases u = 0 or u = 1. Introducing the notation into (1) yields
Define prime power exponents c i , d i , b i , x i and y i as follows by prime power factorizations, where p i is the i-th prime:
In (7) Lemma 1.
Example 2. If u = 2 6 , k = 83 as in Example 1, u 2 + k 2 = 5 × 13 3 , so c 3 = 1, c 6 = 3, and u
The uniqueness of the prime power representations in (6) requires for all i ≥ 1
for unknown sets of b i , x i , y i and known c i , d i , k i (if u/k is fixed and known). For some i-including all i larger than the index of the largest prime factor of [ In practice we use the Chinese Remainder Theorem (CRT) for all i, whether the c i or d i are zero or not [13, 7] . Multiply (15a) by 3 and (15b) by 2,
such that the two factors in front of the b i are the same, and work modulo 9 in the first equation and modulo 4 in the second:
Because 9 and 4 are relatively prime, the CRT guarantees that an integer 6a i exists. Furthermore the result will always be a multiple of 6 (hence a i an integer), because from (18a) the equations read modulo 3 we deduce that 6a i is a multiple of 3, and from (18b) read modulo 2 that 6a i is a multiple of 2: We compute 6b i (mod 9×4) by any algorithm [11] , so b i is determined (mod 6). The values of b i − k i that result from the CRT for the three relevant values of c i and the two relevant d i establish Table 2 . The rows and columns are bi-periodic for both c i and d i ; the entries depend only on d i (mod 2) and on c i (mod 3). The zero at the top left entry where d i is a multiple of 2 and c i a multiple of 3 means that a prime p i is "discarded" and its associated sixth power shoved into the x 3 and y 2 in equation (6) . That zero in the table purges the non-fundamental solutions. This ensures that in the construction of b all p ki i appear as factors and that k | b. a = ub/k generated by the algorithm is always an integer.
The step from (15)-necessary and sufficient for a solution-to (18) eliminates x i and y i by applying a modular sieve; the modular sieve reduces (18) to a necessary condition. To show that these b are also sufficient and indeed solve the coupled Diophantine equations, the step from (15) to (18) must be reversible, such that all solutions of (18) also fulfill (15). Indeed we can find a multiple of 9 and add it to the right hand side of the equivalence (18a) such that it becomes an equality, and we can find a multiple of 4 and add it to the right hand side of the equivalence (18b) such that it becomes an equality. Dividing the two equations by 3 and 2, respectively, turns out to be a constructive proof that the 3x i and 2y i exist, and that they are multiples of 3 and 2:
Theorem 3. For each given ratio a/b = u/k, the Algorithm 4 generates a unique fundamental solution b.
Lemma 2 means that the data reduction of (6) effectively deals only with
Can we generate more solutions by not just copying the prime factors of k over to b but introducing higher exponents, such that b i − k i > 0? The prime power decomposition of (19) would demand that the surplus factor p
and that the surplus factor p 3(bi−ki) i divides y 2 . Lemma 2 ensures that these are the only contributions to x 3 i and y 2 i , so effectively b i − k i must be multiples of 6. These sixth powers are introduced at the same time to a = ub/k; so that deliberation does not generate any other fundamental pairs. With a similar reasoning, multiplying b by any prime power of a prime that is not a prime factor of k-but coupled to c i (mod 3) and to d i (mod 2) via (15)-admits only further exponents that are multiples of 6, and again there is no venue for any other fundamental solutions 
from that subset of prime factors. The solutions are indeed unique as claimed by Theorem 3.
3.2.
Examples with u = 1. The algorithm and results will be illustrated for a set of small 1/k and integer ratios b/a in Tables 3-8 . The tables have 4 columns, the prime index i, the exponents c i , d i and k i defined by the prime factorization of u 2 + k 2 , of u 3 + k 3 , and of k i , and the factor p bi i generated by the CRT. "Spectator" primes, the cases (rows) where c i = d i = k i = 0, are not tabulated; they would be absorbed in the sixth powers of non-fundamental solutions.
3.2.1. u/k=1. The case u = k = 1 in Table 3 reconvenes the Bashkara Twin Pairs of Theorem 2.
3.2.2. u/k=1/2. Looking at the second line of Table 1 we have only contributions for primes p 2 = 3 and p 3 = 5 in Table 4 . From there all solutions of the form {a = b/2, b} are given by the set of b = 2 × 5 4 s 6 with non-negative integers s, where
3.2.3. u/k = 1/3. From the line k = 3 of Table 1 we have the contribution from the prime factors of Table 5. 3.2.4. k ≥ 4. The primes of the line k = 4 of Table 1 generate Table 6 . Further solutions (a = b/k, b) with u/k = 1/5 . . . 1/6 are gathered in Tables 7-8. 3.3. Examples with u > 1. Some cases where the numerator of u/k is u > 1 and therefore b not an integer multiple of a are illustrated in Tables 9-13 . Table 9 . The Chinese remainder solutions for u/k = 3/4. Fun- Table 11 . The Chinese remainder solutions for u/k = 2/11, Table 13 . The Chinese remainder solutions for u/k = 2 6 /83, Example 1.
Table of Fundamental Solutions
Systematic exploration of ratios u/k sorted along increasing k generates Table  14 .
The rather larger value of b for u/k = 5/6 is derived with Table 10 from the fact that u 2 + k 2 have a rather large isolated prime factor (p 18 = 61) which enters with its fourth power.
The rather small value of b at u/k = 2/11 is explained with Table 11 from the fact that u 2 + k 2 is a cube, which does not contribute to b at all because the exponent is zero for c i ≡ 0 (mod 3), d i ≡ 0 (mod 2) in Table 2 11  Table 14 . The fundamental solutions for ratios a/b = u/k up to denominator k = 11. Table 14 with common powers s 6 and sorting along increasing b leads to Table 15 . Trivial solutions with a = 0 (u/k = 0) are not listed. The fundamental solutions are flagged by s = 1 and indicate where Table  14 intersects with Table 15 .
Multiplications of solutions of
Remark 3. The list in Table 15 is not proven to be complete up to its maximum b, because only a limited number of ratios a/b = u/k were computed. 2/3 , derives the associates a = √ x 3 − b 2 and checks these first whether they are integer and then whether they solve the equations; this effort grows ∼ b 2/3 . If the subset of the prime powers of k is chosen to be empty, k = u = 1, this reduces to a trivial check whether b is a member of a Bhaskara Twin Pair of the format of Theorem 2.
For each of these candidates k of b we wish to decide whether an associate coprime u exists that solves (19).
• If the prime power set ofb contains exponents ≡ ±1 (mod 6), we reject the k, because (see Remark 2) it is impossible to find coprime u 2 + k 2 and u 3 + k 3 that complement them to cubes and squares. (To reject means to book them as not fostering solutions.)
• If the prime power set ofb contains exponents ≥ 6 we reject the k because the same prime power appears in a = ub which violates the search criterion for fundamental pairs. • We reject exponent sets {c i } if they violate Lemma 1.
This knowledge that some specific primes or prime powers appear in the prime power factorization of u 2 + k 2 or u 3 + k 3 is used to narrow down the search set of u because for these known p i and given k the quadratic and cubic residues must be
5.3.2. The worst case of the analysis occurs if the entire set of prime powers of b is packed into k, k = b. Thenb = 1 and none of the rejection criteria above applies. We are facing the original set of equations just with the additional support information that k is known and that u and k need to be coprime: It is unknown whether any solutions to (23)-coprime Bhaskara pairs-exist. According to Remark 5 the parities of k and u differ, so u 2 + k 2 is odd. In any case the prime factors of x are restricted by Lemma 1 and appear with exponents that are multiples of 3; the prime factor 2 does not appear. The prime factors of k are known, and the prime factor set of u is restricted by not intersecting the prime factor set of k. A weak upper limit of the largest prime factor in u is k; a weak upper limit of the largest prime factor in x is (2k 2 ) 1/3 . u and x have no common prime factor (because that would need to appear also in k and violate co-primality). Similarly k and x have no common prime factor.
The simplest way to implement a sieve is to work in a loop over hypothetical prime factors p i |x and discard them if −k 2 are not quadratic residues as required by (23): for some s, t ∈ Z with (s, t) = 1 and st = 0.
Algorithm 5.
Loop over all divisors t (of both signs) of k, compute the conjugate divisor k/t = 3s 2 − t 2 . Check that s is integer, else discard t. If s is not coprime to t, discard t. Compute u = s(s 2 − 3t 2 ) and take the absolute value. If that absolute value is larger than k or not coprime to k, discard t, otherwise a solution of (25) is found. • odd, all divisors t are odd, and the conjugate 3s 2 − t 2 are also odd. So 3s 2 are even. Therefore s 2 must be even and eventually s be even. The conjugate s 2 − 3t 2 are odd and u are even.
• even, and t is even: Because we request s to be coprime to t, s must be odd, so 3s 2 is odd, and the conjugate 3s 2 − t 2 is odd. The conjugate s 2 − 3t 2 is odd, and u is odd.
• even and t is odd, the conjugate 3s 2 − t 2 must be even, so 3s 2 must be odd and hence s must be odd. Its conjugate s 2 − 3t 2 is even, so u is even. This violates (u, k) = 1 and does not occur.
Summary
We have shown that for each ratio a/b a unique smallest (fundamental) solution of the non-linear coupled diophantine equations (1) exists, which can be constructed by modular analysis via the Chinese Remainder Theorem. We constructed these explicitly for a set of small ratios.
